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De nitions

On Td ≅ [0,2π)d, the d-dimensional torus, we de ne the inner product

⟨f,g⟩ = 1
(2π)d ∫Td

f(x)g(x)dx, f,g ∶Td→C

and norm ∣∣f ∣∣2 = ⟨f, f⟩
L2(Td) ∶= {f ∶ ∣∣f∣∣ <∞} is a Hilbert space

Analogously:
⟨a,b⟩l2 = ∑

k∈Zd

akbk, a,b ∈ l2(Zd)

and norm ∣∣a∣∣l2 .
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The pattern and the generating group

LetM ∈Zd×d be invertible. The lattice Λ(M) ∶=M−1Zd is 1-periodic.
Let the pattern P(M) denote a full collection of coset representations for
+mod I, e.g.

P(M) ∶= Λ(M)∩ [0,1)d

i.e. every x ∈ Λ(M) can be written as

x = y+z, y ∈P(M), z ∈Zd. (1)

We de ne the generating group G(M) ∶=MP(M).
G(M) is a full collection of coset representations for +modM, i.e.

k = h+Mz, h ∈ G(M), z ∈Zd (2)
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Smith normal form and cycles in P(M)

LetM ∈Zd×d be invertible. The Smith normal form is a decomposition

M =QER,

∣detR∣ = ∣detQ∣ = 1 and E = diag(ε1, . . .εd)
with the elementary divisors εj−1∣εj, j = 2, . . . ,d.

Q and R just perform a change of basis⇒P(M) ≅P(E)
P(E) = Cε1 ⊗⋯⊗Cεd is a direct sum of cycles, Cεj =

1
εj
ej{0, . . . ,εj−1}.

⇒#P(M) =#G(M) =#P(MT) = ∣detM∣ = ε1 ⋅ . . . ⋅εd
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Example
of a Smith normal Form

P ((−24 −10
20 3 )) =P ((

4 7
0 32)), but

ε1 = 1,ε2 = 128
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Translation invariant subspaces

For f ∈ L2(Td) and y ∈P(M) the translation operator is given by

T(y)f ∶= f(○−2πy).
A linear subspace V ⊂ L2(Td) is calledM-invariant if

f ∈ V⇒ T(y)f ∈ V for all y ∈P(M).

.
Lemma
..

.

For any f ∈ L2(Td) the span of translates (w.r.t.M), i.e.
V f
M ∶= span{T(y)f ∶ y ∈P(M)}, isM−invariant

.
Proof.
..

.
Translation performs an index shift (mod I) on g = ∑

y∈P(M)
ayT(y)f ∈ V f

M.
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Fourier series

For all f ∈ L2(Td) it holds

f = ∑
k∈Zd

ck(f)eik
T○, where ck(f) = ⟨f,eik

T○⟩, c = (ck)k∈Zd ∈ l2(Zd).

Parseval equation for f,g ∈ L2(Td):

⟨f,g⟩ = ∑
k∈Zd

ck(f)ck(g)

.
Lemma
..

.

The Fourier coefficients of T(y)f are

ck(T(y)f) = ck(f(○−2πy)) = e−2π ikTy ck(f)
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(Fast) Fourier transform on P(M)
LetM ∈Zd×d be invertible. The Fourier matrixF(M) is de ned by

F(M) ∶= 1√
m
(e−2π ihTy)

h∈G(MT),y∈P(M)
∈Cm×m, m = ∣detM∣.

Performs a DFT for any a = (ay)y∈P(M) by â = (âh)h∈G(M) =
√
mF(M)a

Permutations on rows and columns together with elementary divisors

F(M) = PhFε1 ⊗⋯⊗FεdPy, Fε = (e−2π ihε−1g)
ε−1

g,h=0
,

where Ph,Py permute the elements of G(MT) and P(M) respectively, hence
F(M)F(M)

T
= I ∈Cm×m.

This is used to obtain an implementation of the FFT (O(m logm)).
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Characterizing subspaces

.
Lemma
..

.

LetM = JN be a decomposition of a regular matrixM, N,J ∈Zd×d. Then

P(N) ⊂P(M)

.
Theorem
..

.

g ∈ V f
M holds iff there exists a = (ay)y∈P(M) with DFT

â = (âh)h∈G(MT) =
√
mF(M)a, such that

ch+MTz(g) = âhch+MTz, h ∈ G(MT), z ∈Zd (3)

Hence Vg
N ⊂ V

f
M
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Characterizing subspaces

.
Proof.
..

.

g ∈ V f
M iff g can be written as

g = ∑
y∈P(M)

ayT(y)f

⇔ ck(g) = ∑
y∈P(M)

aye−2π ikTy ck(f), k ∈Zd

rewriting k = h+MTz, h ∈ G(MT), z ∈Zd and with e−2π izTMy = 1

ch+MTz(g) = ∑
y∈P(M)

aye−2π ihTy ch+MTz(f) = âhch+MTz(f)

R. Bergmann (University of Lübeck) Multivariate Periodic Function Spaces 11



Grammatrix of the translates

Let f ∈ L2(Td),M ∈Zd×d be invertible and denote f = (T(y)f)y∈P(M).
The Grammatrix is de ned by

G(f) ∶= (⟨T(y)f,T(x)f⟩)x,y∈P(M) = (⟨f,T(x−y)f⟩)x,y∈P(M)

Hence G(f) is circular.
.
Theorem
..

.

The GramMatrix ful lls

G(f) =F(M)diag
⎛
⎝
m ∑

z∈Zd

∣ch+MTz(f)∣
2⎞
⎠
h∈G(MT)

F(M)
T
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Proof of diagonalization of the Grammatrix
.
Proof.
..

.

(⟨f,T(x−y)f⟩)x,y∈P(M) = ( ∑
k∈Zd

ck(f)e−2π ikT(x−y) ck(f))
x,y∈P(M)

=
⎛
⎜
⎝
∑

h∈G(MT)
∑
z∈Zd

e−2π i(h+MTz)T(y−x) ∣ch+MTz(f)∣
2
⎞
⎟
⎠
x,y∈P(M)

=
⎛
⎜
⎝
∑

h∈G(MT)
e−2π ihT(y−x) ∑

z∈Zd

∣ch+MTz(f)∣
2
⎞
⎟
⎠
x,y∈P(M)

= m√
m
(e−2π ihTy ∑

z∈Zd

∣ch+MTz(f)∣
2)

y∈P(M),h∈G(MT)

× 1√
m
(e2π ihTx)

h∈G(MT),x∈P(M)
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Orthonormal bases for V f
M

.
Lemma
..

.

The set {T(y)f ∶ y ∈P(M)} is linearly independent iff

∀h ∈ G(MT) ∶ ∑
z∈Zd

∣ch+MTz(f)∣
2 > 0

.
Lemma
..

.

{T(y)f ∶ y ∈P(M)} are orthonormal iff

∀h ∈ G(MT) ∑
z∈Zd

∣ch+MTz(f)∣
2 = 1

m

Holds due to ∑
h∈G(MT)

1
m e−2π ihT(y−x) =

⎧⎪⎪⎨⎪⎪⎩

1 x=y
0 else

⇒ Orthonormalization of a basis
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Orthogonal decomposition
Let

M = JN invertible and ∣detJ∣ = 2⇒ p ∈ G(JT)/{0} is unique.
f ∈ L2(Td)with dimV f

M =m (Translates T(y)f are linear independent)
g ∈ V f

M with dimVg
N = n = ∣detN∣, where

â = (âk)k∈G(MT): ck+MTz(g) = âkck+MTz(f) for all k ∈ G(M
T), z ∈Zd

Goal: Decompose

V f
M = V

g
N⊕V

h
N⇔ h ∈ V f

M ∶ ⟨T(y)g,T(x)h⟩ = 0, ∀x,y ∈P(N). (4)

.
Theorem
..

.

(4) holds iff ∃σq ∈C/{0},q ∈ G(MT)with σq = −σq+NTp ful lling

ck(h) =
σk mod MT âk+NTp mod MT

∑
z∈Zd
∣ck+MTz(f)∣

2 ck(f), k ∈Zd (5)
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Orthogonal decomposition

.
Proof.
..

.

⇒) h ∈ V f
M⇒ ∃(b̂k)k∈G(MT) ∶ ck+MTz(h) = b̂kck+MTz(f), ∀k ∈ G(M

T), z ∈Zd.

The vanishing Grammatrix (⟨T(x)g,T(y)h)⟩)x,y∈P(N) yields for k ∈ G(NT)

0 =∑
z∈Z

ck+NTz(g)ck+NTz(h) = ∑
p∈G(JT)

∑
z∈Zd

ck+NTp+MTz(g)ck+NTp+MTz(h)

= âkb̂k ∑
z∈Zd

∣ck+MTz(f)∣
2+ âk+NTpb̂k+NTp ∑

z∈Zd

∣ck+NTp+MTz(f)∣
2

⇒ σk =
b̂k

âk+NTp
∑
z∈Zd

∣ck+MTz(f)∣
2 and σk+NTp =

b̂k+NTp

âk
∑
z∈Zd

∣ck+NTp+MTz(f)∣
2

âh = âh+NTp = 0 is impossible due to dimVg
N = n
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Summary

Smith normal form leads to fast pattern and Fourier algorithms
basis transforms and decompositionsm-dimensional spaces
decomposition in VfM into j = ∣detJ∣ subspaces inO(m).

Perspective

Classify directions for P(M) and h or ck(h)
general wavelet system despite diriclet case
possible dilation matrices J
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Example of a decomposition
De ne f,g,h ∈ L2(T2) as trigonometric Polynomials with a (discrete) Box
Splines

spectrum ck(f)
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Example of a decomposition
De ne f,g,h ∈ L2(T2) as trigonometric Polynomials with a (discrete) Box
Splines

spectrum ck(f)
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Example of a decomposition
De ne f,g,h ∈ L2(T2) as trigonometric Polynomials with a (discrete) Box
Splines

spectrum ck(g) and ck(h)
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Example of a decomposition
De ne f,g,h ∈ L2(T2) as trigonometric Polynomials with a (discrete) Box
Splines

spectrum ck(h)
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Example of a decomposition
De ne f,g,h ∈ L2(T2) as trigonometric Polynomials with a (discrete) Box
Splines

h(x), x ∈ [−π,π)2
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Thank you for your attention.
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