








G = (V,E,w)

V

E ⊂ V × V

w : V × V → R+

w(u, v) = v ̸∼ u
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H(V ;Rm) =
{
f : V → Rm

}

H(E;Rm) =
{
H : E → Rm,

H(u, v) ∈ Rm, (u, v) ∈ E
}

∇f(u, v)

=
√
w(u, v)

(
f(v)− f(u)

)

∥∇f∥pp,f(u)
=
∑

v∼u

√
w(u, v)

p
∥f(v)−f(u)∥p

H(V ;M) :=
{
f : V → M

}

H(E;TfM) =
{
Hf : E → TM,

Hf (u, v) → Tf(u)M, (u, v) ∈ E
}

∇f(u, v)

:=
√
w(u, v) logf(u) f(v)

∈ Tf(u)M

∥∇f∥pp,f(u)
:=
∑

v∼u

√
w(u, v)

p
dM(f(u), f(v))p



⟨∇f,H⟩ = ⟨f,∇⋆H⟩ ∇⋆ = − div

f ∈ H(V ;M) Hf ∈ H(E; TfM)

⟨∇f,Hf ⟩H(E;TfM) =
∑

u∈V

∑

v∼u

⟨logf(u) f(v),− divHf (u)⟩f(u),

divHf (u)

:=
∑

v∼u

√
w(v, u) PTf(v)→f(u)Hf (v, u)−

√
w(u, v)Hf (u, v)

∇f(u, v) = −PTf(v)→f(u)∇f(v, u) ∈ Tf(u)M

div(∇f)(u) = −
∑

v∼u

w(u, v) logf(u) f(v)
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√
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∆a
p : H(V ;M) → H(V ;TM)

∆a
pf(u) := div

(
∥∇f∥p−f(·) ∇f

)
(u)

= −
∑

v∼u

√
w(u, v)

p
d p−
M (f(u), f(v)) logf(u) f(v)

∆i
p : H(V ;M) → H(V ;TfM)

∆i
pf(u) := div

(
∥∇f∥p−,f(·)∇f

)
(u)

= − bi(u)
∑

v∼u

w(u, v) logf(u) f(v) ,

bi(u) := ∥∇f∥p−,f(u) =
(∑

v∼u

w(u, v) dM(f(u), f(v))
) p−

.



E : H(V ;M) → R

Ea(f) :=
λ ∑

u∈V
dM(f (u), f(u)) +

p

∑

(u,v)∈E

∥∇f(u, v)∥pf(u),

Ei(f) :=
λ ∑

u∈V
dM(f (u), f(u)) +

p

∑

u∈V

(∑

v∼u

∥∇f(u, v)∥f(u)
)p/

.



e ∈ {a, i} u ∈ V
!
= ∆e

pf(u)− λ logf(u) f (u) ∈ Tf(u)M.

fn+ (u) = expfn(u)
(
∆t (∆e

pfn(u)− λ logfn(u) f (u))
)

∆t

fn+ (u) = expfn(u)

(
∑

v∼u

b(u, v) logfn(u) fn(v) + λ logfn(u) f (u)

λ +
∑

v∼u

b(u, v)

)
,

b(u, v) =

⎧
⎨

⎩

√
w(u, v)

p
d p−
M (f(u), f(v)), e = a,

bi(u), e = i.





p

M = S
V = { , . . . , }× { , . . . , }
E

f

λ =



p

M = S
V = { , . . . , }× { , . . . , }
E

f

λ = p =



p

M = S
V = { , . . . , }× { , . . . , }
E

f f

λ = p =



p

M = S
V = { , . . . , }× { , . . . , }
E

f

λ = p =



p

M = S
V = { , . . . , }× { , . . . , }
E

f f

λ = p =



p

M = S
V = { , . . . , }× { , . . . , }
E

f

λ = p =



p

M = S
V = { , . . . , }× { , . . . , }
E

f f

λ = p =



×

p = . λ =



×

p = λ = .

p = . λ =



×

p = λ =

p = . λ =



×

p = λ = p = . λ =



M = S [−π,π)

V = { , . . . , }× { , . . . , }
E ×



M = S [−π,π)

V = { , . . . , }× { , . . . , }
E ×

σ = .



M = S [−π,π)

V = { , . . . , }× { , . . . , }
E ×

σ = .

ε = . × −



M = S [−π,π)

V = { , . . . , }× { , . . . , }
E ×

p = λ = −

ε = . × −



M = P( )

V =

dmax =

http://cmic.cs.ucl.ac.uk/camino/


M = P( )

V =

dmax =

λ =

http://cmic.cs.ucl.ac.uk/camino/




p

∞



p

∞



p

∞

http://arxiv.org/abs/1702.05293


p

∞

http://arxiv.org/abs/1702.05293

	Introduction
	The Graph Framework
	Numerical Examples
	Conclusion

